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Abstract 
A conservative interface treatment for multi-block computation on structured quadrilateral grids using the space-time 
conservation element and solution element (CE/SE) method has been developed. In the CE/SE method, space and 
time are considered as a single entity, and both local and global flux conservation are preserved in the solution 
procedure. Thus, accurate and computationally-efficient numerical solutions can be achieved. However, if this 
method is applied to non-matching multi-block computational cases to evaluate the unsteadiness of the interaction, 
the space-time flux balance at the interface will be broken up. To resolve this problem, a novel technique is proposed 
for the exchange of information between the two sides of the interface. In this approach, Sub-conservation element, 
sub-solution element and local space-time conservation conditions near the interface can be established elaborately. 
Moreover, by taking full advantage of key concepts of the CE/SE method, it can enforce flux conservation across an 
interface between different blocks in a simple and efficient manner. Numerical experiments showed that, for a variety 
of flow problems involving oblique shock reflection, and laminar flow inside a lid-driven cavity, the interface 
treatment is valid to establish communications between two different blocks with preserving high-accuracy of CE/SE 
method and no discontinuity of any computed variable or pressure reflection occurred at this numerical interface. 
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1. Introduction 
Developed originally at NASA Glenn Research Center[1], the space-time conservation element and 
solution element (CE/SE) method has received much more attentions recently. Its nontraditional features 
include: 1) a unified treatment of both space and time; 2) enforcement of flux conservation in both space 
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and time; 3) no need of directional splitting for flows in multiple spatial dimensions, resulting in a truly 
multidimensional scheme; 4) flow variables and their spatial derivatives as independent marching 
variables. These novel features make the CE/SE method substantially different from traditional well-
established methods such as the finite difference and the finite volume methods. This method has been 
generalized to high-order accuracy[2] and has reached a great success in many areas, including flows with 
detonations, shock/acoustics/vortices interactions, dam-break flows, etc[3-5]. Particularly, in 
turbomachinery, which attracts our interests, Tsuei and his coworkers[6] firstly calculated the flow in two 
compressor rotor blade sections, a turbine stator blade section and a turbine rotor blade section using a 
quasi-three-dimensional CE/SE code. However, the flow computed is steady without considering the 
intense interaction of the rotor and stator. Wang et al.[7] studied the wake/stator interaction in a cascade 
using the CE/SE method with Giles¶ approach[8] to avoid the treatment of interface. They[9,10] also 
investigated the aeroacoustic problem in a cascade with a downstream moving grid, in which the distance 
of grid moving in each time step is equal to the grid spacing so that no interpolation or extrapolation is 
involved near the interface. 
As far as the authors are aware, no investigations on the interface treatment for full rotor/stator 
interaction by the CE/SE method have been made, which motivates us to work in the area. As preliminary 
of rotor-stator interaction, the work herein is aiming at developing a non-matching grid interface treatment 
based on the CE/SE method using 2D structured quadrilateral meshes. 
It should be noted that flux conservation has a critical effect on the solution quality. In traditional CFD 
method, research for the non-matching grid interface treatment has been performed extensively. Rai[11,12] 
and Coelho et al.[13] have developed a conservative interface treatment for non-matching grids, in which 
an interpolation scheme has been employed to obtain the boundary conditions at the block interfaces. 
Global flux conservation is therefore satisfied, but local flux conservation is not. In order to achieve both 
local and global conservations on the patched grids, Lilek et al.[14] proposed a new method, in which the 
block interface is broken into several segments and each grid is allowed to have more than four faces (2D) 
and flux is evaluated at each face. 
As will be shown, by taking advantage of CE/SE¶s features and drawing on the experience of the 
traditional non-matching grid interface treatment, the current approach differs substantially in both 
concept and methodology from that established in above literatures. Space-time flux conservation can be 
realized near the grid interface using this approach. Besides, all the improved algorithms used in the 
CE/SE method, such as Courant Number Insensitive Scheme (CNIS)[15], can also be applied in this 
treatment with no further effort. 
The rest of this paper is organized as follows: A review of the CE/SE method using 2D structured 
quadrilateral meshes is provided in section 2. The new approach for non-matching grid interface is 
described in section 3. Numerical results and conclusions are presented in sections 4 and 5, respectively. 
2. Method 
2.1. Governing Equations 
There is a unified expression for the two-dimensional unsteady Navier-Stokes and Euler equations. In 
conservational form, the non-dimensional equations can be written as 
0m m m vm vm
u f g F G
t x y x y
w w w w w
     
w w w w w        (1) 
where m=1,2,3,4 represent the continuity, two momentum and energy equations respectively. um, fm,  
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gm, Fvm and Gvm denote flow variables, the inviscid and viscous part of the fluxes in x- and y-
directions respectively as defined in Ref. [16]. It is noted that Euler equations are the special forms as 
the viscous part of the fluxes vanish in Eq. (1). 
2.2. CE/SE scheme 
In this subsection, modified conservation element (CE) and solution element (SE) as mentioned in 
Ref.[17] are employed. Compared with the original versions, the modified ones are easy to arrange 
geometry, formulate, program and capture weak and high frequency fluctuations better. Besides, this 
arrangement facilitates treating the non-matching grid interface due to no splitting CEs in this area. Here 
we give a brief overview of this method which follows the concepts in Ref. [17]. 
Different from traditional CFD methods, the CE/SE scheme utilizes the novel concept of unified 
treatment of space and time. Besides, both the flow variables and their derivatives are taken as unknown 
variables. For problems in two spatial dimensions (x, y), the CE/SE scheme is established in a three-
dimensional Euclidean space E3 with coordinates (x, y, t). By applying Gauss divergence theorem, the 
integral form of Eq. (1) becomes 
( )
0, 1,2,3,4mS V d mx   ³ h s          (2)  
where m indicates the number of equations and S(V) is the boundary of an arbitrary space-time region V 
in E3, and the space-time current vector hm=(fm-Fvm, gm-Gvm, um).  
As shown in Fig. 1a, the vertices and centroids of quadrilaterals here are marked by dots and circles, 
respectively. At the vertex level, point Q is the intersect vertex of grid lines of the spatial mesh, and A1, A2, 
A3 and A4 are the centroids of neighboring cells around Q. B1, B2, B3 and B4 are the midpoints of line 
segments linking Q with its neighboring grid nodes. Let Q* (marked by a cross) be the centroid of octagon 
A1B1A2B2A3B3A4B4, that is referred to as the solution point associated with Q storing all the unknown 
variables. At the cell level, point P is the centroid of quadrilateral C1C2C3C4, and D1, D2, D3 and D4 are 
the midpoints of edges C1C2, C2C3, C3C4 and C4C1, respectively. It is noted that P is also the solution point 
at the cell level. 
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Fig. 1. (a) Spatial meshes; (b) CE and SE at the vertex level; (c) CE and SE at the cell level. 
1118  Shuxin Cui et al. / Procedia Engineering 31 (2012) 1115 – 1124
Conservation element (CE) and solution element (SE) at the vertex and cell level are illustrated in Fig. 
1b and 1c, respectively. Here t=ndt at the n-th time level ( n=0, 1/2,1,3/2, « ) and for a given n>0, the 
superscript µ, ¶¶ and no superscript denote the points with the same spatial coordinates at the the (n-1/2)-th, 
(n+1/2)-th and n-th time levels respectively.  
With the above preliminaries, at the vertex level, the SE associated with point Q*, denoted by SE(Q*), 
is defined as the vicinity of point Q in Fig. 1b, where the physical variables on SE(Q*) are approximated 
by the first-RUGHU7D\ORU¶V expansions at Q*. The CE associated with point Q*, denoted by CE(Q*), is the 
space-time cylinder A1B1A2B2A3B3A4B4 A1¶B1¶A2¶B2¶A3¶B3¶A4¶B4¶ in Fig. 1b, to which the integrals of  
conservation laws are applied. The analogue definition of CE and SE at the cell level can be acquired as 
described in Fig. 1c. Here, we take the calculations of flow variables at the vertex level as an example to 
briefly describe the solution process of the current CE/SE method. The analogue at the cell level can be 
obtained from the similar process. 
Supposing that Eq. (2) is satisfied in CE(Q*), its integral form is 
*( ( ))
0, 1,2,3,4mS CE Q d mx   ³ h s          (3)  
where S(CE(Q*)) is the boundary of the CE(Q*). 
The viscous fluxes are also assumed to be constant within SE(Q*) by 
*( , , ) ( )vm vmF x y t F Q  
*( , , ) ( )vm vmx y t G QG        (4) 
Combining Eq. (1) and Eq. (4), we have  
* * *( ) ( ) ( )mt mx myu Q f Q g Q           (5) 
By using the chain rule, the spatial and temporal derivatives can be calculated by the corresponding 
Jacobian matrices multiplied by umx(Q*), umy(Q*) and umt(Q*). For example, 
           
4 4
* * * * * *
1 1
, 1,2, ,3,4mx ml lx mx ml lx
l l
f Q Q u Q Q Q u Qg m
  
   ¦ ¦A B   (6) 
where Aml(Q*) and Bml(Q*) are the Jacobian metrices, which are the function of um(Q*). By the assumption 
of all variables¶ linear profile in SE(Q*), it can be obtained that the flux leaving each planar surface within 
SE(Q*) is equal to the inner product of the current density vector hm(x, y, t), evaluated at the centroid of 
the surface, and the surface vector s= nS. So, the flux flowing from CE(Q*) through its top face is only the 
function of um(Q*). Considering Eqs.(4)-(6), the fluxes flowing from CE(Q*) through its bottom and side 
faces are only the function of um, umx and umy at points A1¶ , A2¶ , A3¶ and A4¶. With above preliminaries, 
um(Q*) can be obtained from um, umx and umy at points A1¶ , A2¶ , A3¶ and A4¶. The detailed formulation of 
um(Q*) can be found in Ref.[17]. 
The calculation of the derivatives umx(Q*) and umy(Q*) also should be implemented. The original two 
dimensional CE/SE scheme calculates umx(Q*) and umy(Q*) using a non-dissipative scheme, called µa¶ 
scheme, in triangular meshes. But it cannot be used to model problems that are irreversible in time, where 
some form of artificial dissipation is required. Then, a central difference reconstruction approach is 
employed, which introduces certain dissipation and breaks through the limitation of grid arrangement so 
that the CE/SE method can be applied in quadrilateral meshes[18] successfully. Using this approach, 
umx(Q*) and umy(Q*) are calculated from the variables of its neighboring points, evaluated at the current 
time using Taylor¶s series. In order to solve flows with steep gradients or discontinuities, a weighted 
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average approach need to be used. The detailed formulation of umx(Q*) and umy(Q*) can also be found in 
Ref. [17]. 
3. Interface treatment in the CE/SE method 
In this section, we focus on the treatment of non-matching interface of multi-block gird with structured 
quadrilateral meshes, based on the CE/SE method. At the interface of the multi-block, CEs at the vertex 
level would be broken up. In addition, at the cell level, the fluxes through the interface from its 
neighboring blocks cannot be conserved. To establish a new rule to preserve the space-time conservation 
near grid interface, two concepts called sub-conservation element (sub-CE) and sub-solution element 
(sub-SE) were proposed in this work. 
To proceed, we follow the procedures below: 
a) Grid structure needs to be modified to facilitate establishing the flux conservation. Considering a 
domain, , that can be decomposed into two independent sub-domains(or blocks),  and , as 
shown in Fig. 2a. Within each block, a structured grid is generated separately. The two different 
blocks can be patched together. The interface between these blocks is denoted by . Due to non-
matching meshes across the interface, space-time fluxes through  calculated from the both sides 
normally are not consistent with each other. Besides, the CE and SE associated with nodes at  are 
not compatible neither. In order to handle the incompatibility, we construct sub-CE and sub-SE in 
the interface-cell region, , which spans over all the interfacing cells of both partitioned blocks as 
illustrated in Fig. 2b. Then, the current method defines the space-time conservation of sub-CEs in 
region, , while the conventional CEs are conserved in regions, . Therefore, the 
main problem of current treatment is how to define the sub-CE and sub-SE in region, , assuring 
the space-time conservation across the non-matching interface. As illustrated in the diagram of Fig. 
2c, the grid lines of the meshes from that intersect the interface, are extended into the region . 
Likewise, the grid lines of the meshes from , which intersect the interface, are then extended into 
the region . In Fig. 2c,  denotes the border by which the region  and the region  are 
seperated. Then, the pseudo-nodes are introduced at  and are indicated by open circles in Fig. 2d. 
Positions of these pseudo-nodes are obtained by simple geometry as given in Fig. 3a. For example, 
the pseudo-node, N2, is extended from a node N1 and its position is determined as 
ȍ  ȍ 
ī &
ȍ ,( ȍ
)(ȍ )(
ī I
ȍ  ȍ 
D E
FG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Fig. 2. (a) Partitioned domains  and  and the non-matching interface ; (b) the interface cell region ; (c) interaction of  
and ; (d) enlarged view for interaction in  where solid circles are for real nodes and open circles are for pseudo-nodes. 
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Fig. 3. (a) Spatial mesh in the interface cell region ; (b) sub-CE for point I; (c) sub-SE for point N1¶*, N2¶*, L3¶* and L4¶*. 
3 24 1
4 1 3 2
L NL N
L L L L
          (7) 
where Li, i=1, 2, 3, 4, denote each node, and  implies the distance between the nodes Li and Lj.  
b) With following the terminology in section 2, the vertices and centroids of quadrilaterals are marked 
by dots and circles respectively in Fig. 3a, and the superscript µ, ¶¶ and no superscript also denote the 
points with the same spatial coordinates at the (n-1/2)-th, (n+1/2)-th and n-th time levels respectively. 
Points I and J are the centroids of quadrilaterals N1N2L3L4 and L1L2N2N1 in  respectively, and Mm, 
m=1,2,«,11, are the midpoints of quadrilaterals¶ edges in . It is noted that I and J are also the 
solution points storing all the unknown variables. But for vertices, their solution points are the same 
as those in the original block and they are marked by star.  
For constructing the communications between two blocks in , only he sub-CEs associated with 
cells and the sub-SEs associated with vertices are needed. As similar definition in section 2, the sub-
SEs associated with points N1¶*, N2¶*, L3¶* and L4¶*,  denoted by sub-SE(N1¶*), sub-SE(N2¶*), sub-
SE(N3¶*) and sub-SE(N4¶*), respectively, are shown in Fig. 3c, and the sub-CE associated with point I, 
denoted by sub-CE(I), is illustrated in Fig. 3b. 
c) Supposing that Eq. (2) is satisfied in sub-CE(I), its integral form is 
( ( ))
0, 1,2,3,4mS sub CE I d m x   ³ h s          (8)  
where S(sub-CE(I)) is the boundary of the sub-CE(I). With similar discussion in section 2, Eq. (8) 
denotes that the flux flowing from sub-CE(I) through its top face is only the function of um(I) and the 
fluxes flowing from sub-CE(I) through its bottom and side faces are only the function of um, umx and 
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umy at points N1¶*, N2¶*, L3¶* and L4¶*. Based on the above discussion, um(I) can be calculated from um, 
umx and umy at points N1¶*, N2¶*, L3¶* and L4¶*  in  region .  
d) There is no need to calculate umx(I) and umy(I) because the purpose is to obtain the unknown variables 
and their derivatives in  and  in the current approach. For the original block as in Fig. 3a, for 
instance, , quadrilateral L1L2L3L4 with its centroid, H, is composed of quadrilaterals L1L2N2N1 and 
N1N2L3L4. At space-time domain, it is obvious that CE(H)=sub-CE(I)+ sub-CE(J). So, we have 
( ( )) ( ( )) ( ( ))
0, 1,2,3,4m m mS CE H S sub CE I S sub CE Jd d d m x  x  x   ³ ³ ³h s h s h s     (9)  
where S(CE(H)), S(sub-CE(I))and S(sub-CE(J)) are the boundaries of CE(H), sub-CE(I) and sub-
CE(J) respectively. From Eq. (9), it can be deduced that 
1 2 3 4 1 2 2 1 1 2 3 4
( ) ( ) ( ) , 1,2,3,4L L L L L L Nm m N N N L Lmu H S u J S u I S mx  x  x       (10)  
where ,  and  are the area of quadrilaterals L1L2L3L4, L1L2N2N1 and  
N1N2L3L4, respectively. As a result, um(H) can be calculated from the following equation. 
 1 2 2 1 1 2 3 4 1 2 3 4( ) ( ) ( ) / , 1,2,3,4L L N N N N L L L L Lm m m Lu H u J S u I S S m x  x       (11)  
e) Because the derivatives of the unknown variables are not related to the space-time flux conservation 
and can introduce additional dissipation in CE/SE scheme, we calculated umx(H) and umy(H) in the 
same procedures as does in the original block. 
f) In this approach, sub-CE and sub-SE in region , are taken as an intermediation to calculate the 
conservational variables associated with the cells in  that belong to the original blocks. As the 
interface cell region is established, the nodes at the interface actually turn out to be µinterior nodes¶ 
and therefore, the variables associated with them can be calculated in the same procedures as 
implemented for the real interior nodes. 
g)  As shown in Fig. 3a, the variables and their derivatives at pseudo-nodes are also unknown. 
Supposing the linear profile for both variables and derivatives between points L2¶* and L3¶*, we have 
* * * *
3 2 3 2
* * * *
3 2 3 3
( ) ( )
, 1, 2,3, 4
( ) ( )
m m
m m
L N L N
m
L L L L
I I
I I
c c c c
  
c c c c
      (12) 
where  represents um, umx or umy. 
From the above procedures, it can be seen that the resolution of variables derivatives is the same as 
that in the original CE/SE, which introduces certain dissipation and does not break up flux conservation. 
Therefore, all the improved approaches used in the CE/SE method, such as CNIS, can be applied directly 
in this treatment without any modification. 
4. Numerical Results 
4.1. Lid-driven cavity flows 
To prove the ability of the novel grid interface treatment solving the incompressible viscous problem,  
the numerical simulations of driven cavity flows are carried out. 
The flow parameters for the computation are Ma=0.1, Re=1000. The governing equations are the full 
compressible Navier-Stokes equations and all the computations are conducted with CNIS algorithm to 
improve the accuracy of resolution. There are three gird systems tested, which are coarse, medium and 
fine grid system respectively. All the three grid systems have 3-block discontinuous Cartesian grid 
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configuration with different grid resolutions. Their grid points are illustrated in the Table 1. Fig. 4a shows 
the structure of grid system and mesh of coarse grid system. 
Fig. 4b and 4c show the u-component distributions along the vertical center line and v-component  
Table 1. The grid points of three grid systems 
Grid system Block 1 Block2 Block3 
Corse 41X21 81X13 41X11 
Medium 81X41 161X23 81X21 
fine 161X41 321X23 161X21 
X
Y
0 0.5 10
0.5
1
BLOCK1
BLOCK2
BLOCK3
y
u
0 0.2 0.4 0.6 0.8 1
0
0.5
1
coarse grid system
medium grid system
fine grid system
single grid(101X101)
Ghia et al.
x
v
0 0.2 0.4 0.6 0.8 1-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
coarse grid system
medium grid system
fine grid system
single grid(101X101)
Ghia et al.
 
(a)                    (b)               (c) 
Fig. 4. (a) Structure of grid system and mesh of coarse grid system; (b) U-component distributions along the vertical center line;  (c) 
and v-component distributions along the horizontal center line. 
distributions along the horizontal center line, respectively. They are compared with the corresponding 
benchmark solution reported by Ghia et al.[19] It can be seen that the solutions is approaching the 
benchmark as the girds are refined. It is noted that the result of fine grid system have comparable 
accuracy with one of an single 101X101 grid system, though the grid densities in y-direction of fine grid 
systems is less than one of the single grid system. Fig. 5a, 5b and 5c describe the interface pressure 
distribution between different blocks computed on the three grid systems, respectively. It can be seen 
from the figures that all the two pressure profiles at both sides of each interface conform to each other 
very well.  
4.2. Shock Reflection on a Flat Plate 
In this subsection, we solve the steady oblique shock reflection problem to test the current approach¶s 
performance in flows involving shock wave.  
The spatial computational domain is a 4.0X1.0 rectangle with two blocks, which have 61X41 uniform 
grid points and 61X81uniform grid points, respectively. The boundary settings are shown in Fig. 6a. 
The pressure contours generated by using the present treatment with CNIS algorithm are shown in Fig. 
6b. It can be seen from this figure that the reflected shock wave could flow free through the grid interface 
without any restriction and pressure distribution at interface is smooth. The angle between the computed 
reflected shock and the horizontal line is 23.14, which is very close to the analytical value 23.239[20]. 
Furthermore, as shown in Fig. 7a, which is the pressure coefficient distribution at the mid-section of the 
computation domain (y=0.5), the numerical values of the pressure coefficient resolved in both blocks 
agree very well with the analytical values and no numerical oscillations are detected near either the 
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incident or the reflected shock, even near the numerical interface. Fig. 7b is the interface pressure 
distribution between both blocks. It can also be seen from the figure that the two pressure profiles at both 
sides of each interface accord with each other very well. 
x
p
0 0.2 0.4 0.6 0.8 151.15
51.155
51.16
51.165
51.17
51.175
51.18
block2
block3
block1
block2
x
p
0 0.2 0.4 0.6 0.8 168
68.02
68.04
68.06
68.08
68.1
block2
block3
block1
block2
x
p
0 0.2 0.4 0.6 0.8 170.44
70.46
70.48
70.5
70.52
70.54
70.56
block2
block3
block1
block2
 
(a)                    (b)               (c) 
Fig. 5. The interface pressure distribution between different blocks computed on the coarse grid system (a) , medium grid system (b) 
and fine grid system (c) . 
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Fig. 6. (a) The structure of computational domain and boundary setting;  (b) Pressure contour. 
X
c
p
0 0.5 1 1.5 2 2.5 3 3.5 4-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
Block1
Block2
Analytical
  x
p
0 0.2 0.4 0.6 0.8 10.15
0.2
0.25
0.3
0.35
Block1
Block2
 
(a)                                                                                                       (b) 
Fig. 7. (a) Pressure coefficient distribution at the mid-section of the computation domain (y=0.5); (b) Interface pressure distribution. 
5. Conclusions 
In the study, a modified configuration of CE and SE is firstly proposed, which is the base of the 
current interface treatment of non-matching grid. Then, a detailed procedure for coupling different blocks 
is described, which is based on the space-time flux balance and can introduce no correction pass. The 
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numerical simulations of the viscous flows and the flows involving shock wave are carried out to examine 
the new approach. The numerical results show very good agreement with the benchmark experimental 
data as well as the theoretical results; therefore, the approach is suitable for handling non-matching grid 
interface. Another advantage of this approach is that all of the improving algorithms for the CE/SE 
method can be implemented in the current approach without any modification.  
Based on the current work, a numerical approach for stator/rotor interaction computations using the 
CE/SE method is ongoing. 
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